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layer. Based on the first-order shear deformation plate theory, the governing partial differ-
ential equations are obtained. Using an analytical method, the stretching and bending equi-
librium equations are decoupled. Also, introducing a function, called boundary layer
function, the three bending equations are converted into two decoupled equations. These
equations are solved analytically and the effects of boundary layer function on stress com-
Boundary layer ponents are shown. Also, the singularities of shear force, moment resultants and boundary
Functionally graded layer function are discussed for both salient (« < 180) and re-entrant (« > 180) sectorial
Sector plate plates. In order to verify the accuracy of the results, the governing equations are also solved
using differential quadrature method (DQM). By comparing the results of exact method
with DQM, a good agreement can be seen.
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1. Introduction

The sector plates are widely used in engineering problems. The analysis of the sector plates, because of existence a sharp
corner on the vertex of sector plate, is encountered some singularities in the moment and shear force resultants. According to
the classical thin plate theory, William [1,2] studied corner stress singularities resulting from various boundary conditions in
isotropic plates under bending and extension. Dempsey and Sinclair [3] re-examined the stress singularities in isotropic
plates under extension by introducing an Airy stress function. Ojikutu et al. [4] used a finite difference scheme to study
the stress singularities in laminated composite plates with simply supported radial edges. Leissa et al. [5,6] used the Ritz
method and introduced the so-called corner functions as the admissible functions to study the singular behavior for free
vibration of thin sectorial plates with re-entrant corners or V-notches. Huang et al. [7] found the closed form solution for
the vibration of a sector plate with simply supported radial edges to study the corner stress singularities. They used the
first-order shear deformation plate theory to study thick plates by considering a shear correction factor. Burton and Sinclair
[8] introduced a stress potential by investigating Williams-type corner stress singularities for isotropic thick plates due to six
different combinations of homogeneous boundary conditions around a corner, but the singularities of the shear forces were
not represented in their solution. Huang et al. [9] studied the corner stress singularities by using a closed-form solution for
the vibration of a Mindlin sector plate with simply supported radial edges. Huang [10] investigated corner stress singularities
and obtained the orders of moment and shear force singularities. Kotousov and Lew [11] studied the corner stress singular-
ities for a sector plate within the first-order plate theory by using stress resultant and displacement functions and adapting
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the eigenfunction expansion approach of Williams. The stress singularities are investigated based on the three-dimensional
elasticity theories in many papers. Hartranft [12] used eigenfunction expansion to study three-dimensional crack problems.
Xie and Chaudhuri [13] investigated the stress singularity at a biomaterial interface crack front by using three-dimensional
elasticity theories. Huang [14] obtained the orders of Williams-type stress singularities under various boundary conditions
around a corner by using Lo’s high-order plate theory.

The mentioned papers investigate the stress singularities in isotropic, non-isotropic and bi-material plates. The function-
ally graded materials (FGMs) are composite materials that are used in aerospace, nuclear and other engineering applications.
In these materials, the mechanical properties vary along one or more directions, usually along the thickness direction, con-
tinuously. Due to this wide applicability, the bending analysis of the FGM plates can be important. Zenkour [15] investigated
the bending analysis of FGM plates based on generalized shear deformation theory. Huang and Chang [16] studied the stress
singularities for an FGM plate by using the classical thin plate theory.

The usual changes of different parameters in the vicinity of the edges of plates are known as boundary layer phenomenon.
The cause of this effect is the existence of the boundary layer function. This function has a significant value in the near of the
edges and it is zero in interior zone. The boundary layer was first introduced by Reissner [17,18]. Nossier and Reddy [19]
investigated the boundary layer and the transverse displacement in the bending of symmetric laminated plates made of
transversely isotropic layer by uncoupling the bending equations into two equations. Nosier et al. [20] used the boundary
layer to study two opposite simply supported edges in Mindlin rectangular plates under bending. Jomehzadeh and Saidi
[21] investigated the free vibration of transversely isotropic sector plates by using the boundary layer function. Jomehzadeh
et al. [22] used an exact analytical solution for bending analysis of functionally graded annular sector plates and investigated
the effects of power of FGM, the geometrical characteristics and boundary conditions on the deflection and stresses of the FG
sector plates. Recently, Atashipour et al. [23] studied the boundary layer phenomenon in third-order shear deformation the-
ory for bending of isotropic annular sector plates.

In this paper, the five highly coupled partial differential equations of FG sector plate under static loading are decoupled
using the boundary layer function. Also, analytical solutions are obtained for stress analysis of FG sector plates with various
boundary conditions. The boundary layer function and its effect on the stresses of the FG plate are studied numerically. The
effects of plate thickness, boundary conditions and power of functionally graded material are investigated. Since the effect of
boundary layer function for FG plates is similar to isotropic and composite plates, this function seems to be material inde-
pendent. Also, the singularities of the force and moment resultants in vicinity of vertex are discussed in details.

2. Governing equations

Based on the first-order shear deformation plate theory, the displacement field of a sector plate is expressed as:

U(r,0,z) = u(r,0) + zy,(r,0), (1a)
V(r7 ) ) (T, )) +Z¢()(r7 0)’ 1b
W(r,0,z) = w(r,0), (1¢)

where u, »v and w are the displacement components of the mid-plane in r, 0 and z directions, respectively. y, and , denote
the rotation functions of the transverse normal about 0- and r-axis, respectively.

Using the principle of stationary total potential energy, the governing equations as well as the related boundary condi-
tions along the edges of a functionally graded sector plate can be obtained. The governing equations are [22]
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and the boundary conditions are defined as

ou=0:Nn,+ Nyny=0,
ov=0:Nyn, +Ngny =0,
oY, =0: Mn, + Myyny =0,
Sy = 0: Myn, + Myny = 0,
ow=0:Q,n +Qyny =0,

where K? is the shear correction factor which in the present study is assumed to be 5/6.
Also the integration coefficients are defined as

1 h/2 1 h/2
E(z,T)dz, As3=5—+—— E(z,T)dz,

19 L 20+v) S

1 -h/2 1 h/2
B :—/ zE(z,T)dz, B :—/ ZE(z,T)dz,
! —h/2 @ 1)dz, B 2(14+v) Jonp (2. 1)dz

h/2 , J 1 h/2 , J
z°E(z,T)dz, D :7/ z°E(z, T)dz,
/41/2 &1z > 2(1+v) Jonp @D

(42)
(4b)

(4)

where E(z,T) is the Young modulus of the FG sector plate which is assumed to be temperature dependent and to vary along

the thickness direction based on a power law function as

E(z,T) =Ec + (Ec — Em)(z/h = 1/2)",

()

where subscripts c and m are related to ceramic and metal, respectively. Also, n is the power of functionally graded material.
The Young modulus of the ceramic and metal can be defined as a function of the temperature as follows [24]:

E=Eo(EAT ' +1+ET+ET? +ET), (6)
where Ey, E_1, E;, E; and E; are the temperature coefficients which are given in Table 1.
M,, M, and M,, are the moment resultants which are defined as
h/2
M, = / 20, dz, (7a)
~h/2
h/2
M, = / 20,dz, (7b)
—h/2
hy/2
M,y = / z0,dz, (7¢)
J-ns2
Table 1
The temperature coefficients of the ceramic and metal young modulus (E « 107), Ref [25].
Material Eoy E 4 E; E, E3
SUS304 201.04 0 3.079e—4 —6.534e—7 0
Si3N4 348.43 0 —3.070e—4 2.160e—7 —8.946e—11
Ti-6AI-4V 122.56 0 —4.586e—4 0 0
Aluminum oxide 349.55 0 —3.853e-4 4.027e-7 —1.673e-10
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Also N;, Ny and N,, are the in-plane force resultants as

h/2
N, = / o, dz, (8a)
~h/2
h/2
N, = / 0,4z, (8b)
—h/2
h/2
Nr() —/ Gr()dZ, (SC)
—h/2
And the shear force resultants Q, and Q, are as follows:
-h/2
Q, = K? / 0., dz, (9a)
)
h/2
Q=K [ oz (9b)
~h/2

where a,, 0y, 0, and o, are stress components.
The five highly coupled partial differential equations (2) can be rewritten as

A aaqor]-&-A :_88(/;2-&-3 63?‘3-&-333%%:0» (10a)
An%%*f\%agf+311%%*B33%=07 (10Db)
By 88(/;] +B331 88([;2 + D11 38(/')’3 +D33%%—K2A33 <!//r +%—\;,V) =0, (10c)
311%%73 a(;ivaD %%713339504 <2A33<¢ 1%)207 (10d)
K?As3(V*W + ¢3) +p, = 0, (10e)

where V* (Vz =0 Jort + }3/3T + %82/802> is the two-dimensional Laplace operator in polar coordinate. Also, the functions
@1, @5, @5, and @, are defined as

ou u 10v 1ou ov v

Pt v T a0 o a
SO e 1 10 O b
P = r roo PTra0 o o

Applying some algebraic operations, the governing equations (10) can be converted into four equations as

D
DViw = V°p,, 12a

P: =1 VP (12a)
CV2¢p, ~K*Ag, =0, (12b)
Vi, = i“V o (12¢)
Vi, = - B“Vz% (12d)

where 5 =Dy — Bfl/A“ is the flexural rigidity of the FG plate. Also, ;\ and E are As; and D33 — By1Bs3/A11, respectively.
The rotation functions , and y, can be derived easily as follows:

P D _, D c 1
= (w+r—=Vw— —— — P4, 13a
Uy or ( A o pz) AT (W) (13a)
10 D D c
Vo=—+75 w2 wyp | -, (13b)
K*D K*A? 1<2

Also, the force and moment resultants can be obtained in terms of transverse deflection w and the function ¢,. It will be
shown that the function ¢, has a boundary layer behavior. Thus, like the homogeneous plates [19], this function will be
known as the boundary layer function.



3482 A.R. Saidi et al. / Applied Mathematical Modelling 34 (2010) 3478-3492
3. Solution

It is assumed that the FG sector plate with radius a and sector angle o is simply supported along two radial edges and
carrying out the uniform distributed load P, (Fig. 1). The transverse displacement, the boundary layer function ¢, and
the transverse load can be expanded in their series solution as

We S WalDSin(Bu0), @= S ulr)COS(B0) i Pasin(iy) (14)

m=13.... m=13,... m=

where 8,, is mn/a and p,, is defined as

:%/Oapo sin(p,,0)do. (15)

Substituting Eq. (14) into the two decoupled equations (12a) and (12b) and solving the resulting ordinary differential equa-
tions, the transverse displacement for $,, # 2,4 and the function ¢,, are obtained as

par*(K2AT2 + D f2 — 16D)
K?A DR, 16)(%, —4)
Pm(1) = Comly, (1) + ComKy,, (ur), (16b)

where I, and K, are the modified Bessel functions of the first and second kinds, respectively. Also x is \/ K* A / C. For Bmn=2
and 4, the solution of boundary layer functions is the same as Eq. (16b) and the transverse displacement is obtained as

Wi (1) = CitPm 4 Copr ™ 4 Capy1?~Pm 4 Cpr? P 4 (16a)

11t 1 r2n() 1 r*in(r) 1 ) g _
(po(~fart -y 20y 2y L P €5 G+ G+ Cay) siN(20) for =2,

Wy = : (17)
(* b (5’(2’”2 192‘;31““‘“"””) FOr+ L+ CGLt C4r6> sin(40) for f,, — 4
It can be seen that Egs. (12c) and (12d) are exactly satisfied by assuming the in-plane displacements as

~ Bn

U= _Irn(//ﬁ (183)
Bi

v=——1Y,. 18b

Al (18)

These relations are valid for some types of boundary conditions as can be seen afterward. Also, substituting Egs. (16) into Egs.
(13) the rotation functions can be obtained as

4D B (B = Dr P! = K> A(By, — 2)r P!

v, = (Clmﬁmr"m1 + ComPBpT =1 — Cap

K2A
/fm’1 2 /3m+1 C 3
_Cun 4D By (B + P + K2 Ay +2)rin ! Coyp Pnlon () c PinKs,, (1) Apnr sin(,0)
KA K*Ar K*Ar  D(F%—16)(8 —4)

(19a)

Fig. 1. The geometry of the sector plate.
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4D (B — Dr o = K7 A o’
K> A

W{) = (Clmﬁmrﬁml — szﬂmriﬁ'"il + C3m

4D fin (i + 1) K AR Bl (1) Bl ()

_C4m =
K*A K2Ar
3
Cor & oK) T () DBy cos(hat) (19b)
K2Ar D2 — 16)(f% — 4)
To determine the six unknown coefficients (Ci,, i = 1,...,6), the regularity conditions at r = 0 and the boundary conditions

at r = a should be applied. Five regularly conditions at r = 0 can be considered as

w=0, (20a)
u = finite, (20b)
v = finite, (20c)
v, = finite, (20d)

= finite. (20e)

Based on the relation (18), it can be seen that satisfying the regularity conditions (20d) and (20e) is equivalent to (20b) and
(20c). Therefore, it is sufficient to apply only the conditions (20a), (20d) and (20e). In order to satisfy Eq. (20a), it can be con-
cluded that since the value of $,, is larger than zero, the coefficient C,, should be vanished, namely

Com = 0. (21)

The modified Bessel function of the first kind can be expanded in term of its power series as follow:
(ur)ﬁm*Zk

lim (1 Z KI(k+ By, +1)°

(22)

where I' is the gamma function. Also, the modified Bessel function of the second kind can be expressed in term of the first
kind as

K, (ur) = (I-p, (1) = I, (ur)]. (23)

Zsm (PmT)
Upon substituting Egs. (22) and (23) into Eqgs. (19), the rotation functions y, and , are obtained in terms of power series as

4D By (B — 1)rFn1 = K> A(By, — 2)r 1
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— U4m — L5m
K2A K2A
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Cun AD By (B + 1Pt + K2AB,T (/3 ZI'}I rf o ku/f(kz) 2)
K> A "KA KIP(k+ B+ 1) £ KT (K + B + 2)
— 0o 1 —Pm+2k fm+2k-1 0 Bt 2Kk Bm+2k—1
+ Com ACTE _ ﬁm(z) r +Zﬁ '( ) r
2K2A sin(ﬁm ) k=0 k!F(k - ﬂm + 1) k=0 k.F(k + ﬁm + 1)
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* Z KI(k—f+2) < KIk+py+2)) D — 16)(f. - 4) €os(Bm0)- (24b)
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In order to satisfy the regularity condition (20d) as r approaches zero, it is convenient to divide the B, into two intervals
O<p,<landp, = 1.

While 0 < g, < 1, some terms of the limit containing r#»-1 and r’=~1 in Eq. (24a) do not vanish for k = 0. To satisfy Eq.
(24a), the coefficients of these terms should be equal to zero as follows:

~ ~ */’m
Com — Co [APEn =)} ¢ € () -0, (25a)
K*A 2K2 A sin(B, ) (—f, + 1)
N - Bm - Bm
- Clm - C4m w - CSm AC <%) + CGm = CTC(%) = O (25'3)
K*A K*AT (B, +1) 2K% A sin(B, )L (B, + 1)

Using Eqgs. (25) and (21), the coefficients Cg4, and Cg,, can be obtained in terms of Cy,;, Cspy and Csy, as

8D (B, — 1) sin(f ) (—fm +1)
Cu() "

1 CimK? A ()" I(By + 1) + Com C+4Csp DT (= + 1) (E)m (B — 1)

4 DB+ 1)) T (fy+ 1)

CGm = _C3m

., (26a)

Cam = — . (26b)

Also, the coefficients Cy,,, Cs;y and Cs,, are obtained by applying the boundary equations at r = a.
When g, > 1, the terms contain r—#=~1 and r' = in Eq. (24a) are infinite. Therefore, their coefficients should be vanished,
namely

~ - *ﬁm
Con — Con [FPn =D} ¢ € () =0, (27a)
K*A 2K2 A sin(B, ) (—f, + 1)
Cm(fn —2) =0. (27b)

Using Egs. (21) and (27) the coefficients Cs,;, and Cg,, are obtained as
C3m = Cem =0. (28)

In this case g, # 2,4, doing the same procedure as ,, > 1, It can be seen that C; = C3 = Cs = 0.

To satisfy the last regularity condition (20e), as r approaches zero, it should be considered two intervals 0 < 8,, < 1 and
Bm = 1, again.

In the case 0 < S, < 1, some terms of the limit in Eq. (24b) do not vanish for k = 0 which containing r—#»-1 and r#=-1. To
satisfy Eq. (24b), the coefficients of these terms must be vanished, that is

N - 7[3111
Con — Con [4Pn =D} ¢ € ) =0, (29a)
K*A 2K2 A sin(B, ) (= + 1)
n N - Bm
- Clm - C4m w - CSm AC (%) + Cﬁm — CTC(%) =0 (29b)
K*A K*AT(By + 1) 2K* A sin(Bn, )T (B + 1)

In the case f,, = 1, the coefficients of r#=-1 and r'~#= should be zero, then

N - 7/3171
C2m _ C3m (4D(ﬂm — 1)) _ CG CTE(%) _ 07 (303)

K2A 2K2 A sin(Bpm)[(—f + 1)

CsmPm =0. (30b)

It can be seen that Egs. (29) and (30) are the same as relations (25) and (27) which have been obtained from applying the
second regularity condition (20d).

In order to obtain the unknown coefficients Cy,,, Cs;;, and Csy,, the boundary condition at the circular edge of the FG cir-
cular plate should be applied. The circular edge at r = a can be simply supported (type 2), clamped or free with following
conditions:
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Simply supported (type 2) :

v=0, N,=0, w=0, ¢,=0, M, =0, (31a)
Clamped :

u=0, v=0, w=0, ,=0, y,=0, (31b)
Free :

N, =0, Ny=0, Q. =0, M,=0, M,=0. (31¢)

Based on the relations (18), it can be seen that applying two last conditions in each of the boundary conditions (31) will ex-
actly satisfy the two first conditions, i.e. satisfying the two last conditions for simply supported edge (y, =0, M, = 0) will
spontaneously satisfy two fist conditions (v = 0, N, = 0) due to relations (18). Therefor, in order to determine the remaining
unknown coefficients of FG plate, it is sufficient to apply the three last conditions of Eq. (31) at r = a.

4. Singularities in boundary layer function, moment and shear force resultants

It should be noticed that the modified Bessel functions of second kind is singular at r = 0. Therefore, the boundary layer
function in Eq. (15b) is singular for 0 < 8, < 1.

Also, to study the singularity in the moment and shear force resultants in all intervals of g,,, the moment and shear force
resultants can be obtained by using Eqs. (7) and (9). Expressing the Bessel function in terms of their power series, the mo-
ment and shear force resultants are written as

Mr = (Ll C3mr7ﬁm + (L2C2m + L3C3m + L4C6m)r7/}’"72 + (L5C1m + L6C4m + L7C5m + LSCGSm)r/}mi2

LlOpmr2

+L9C4 r”"’ +— "
(B -4 (B, - 16)

> sin(f,,0), (32a)

M, = <L11C3mr’jm + (L12Com + L13Csm + L1aCom)rPn=% + (Li5Cim + Li6Cam + L17Csm + L1gCom )12

LZOp m r2

+ LigCyprtm + ———=2m
(B = 4) (B, — 16)

) sin(f,,0), (32b)

My = <L21C3m1’ﬁ'" + (L22Com + L23Csm + LaaCom)r#n =2 ++ (LasCim + LaogCam -+ Lo7Cosm + LagCom)1m=2

L3op,r?
+ LygCyprPm + ———"EM__ ) cos(f,0), 32c
294 (ﬂ;—4)(ﬂ2m—16) (ﬂm) ( )
r .
Q= ((L31C3m + L3aCom)r " + (L33Cam + L3aCsim + LasCom)r'm " + (ﬁan 4)> sin(f;,0), (32d)
m
r
Q= <L36C3mr7ﬁ’"71 + (L37Cam + L3gCspm + L39C6m)1’/”“71 + LagCopr Pt (ﬁp'i 4)> cos(f,0), (32e)

where L;’s are constants and some of them are given in Appendix A. When 0 < f,, < 1 and using C,’s which are obtained
from the previous, Egs. (32) can be simplified as follows:

M, = <L1 Cam " 4 LoCat¥m +%_Lj+;§_1®> sin(g,,0), (33a)
M, — (anmr-ﬁm + LigCamt™n +m> sin(B,,0), (33b)
Mo = ( Ly Camr ™ + LygCamr™n + #}%) cos(f,0), (33¢)
Q= ((lecm +LisCam + LiaCom)r™n ™+ ﬁ:m_r 4)) Sin(0). (33d)
Q)= <L35C3mr*”m” + (L37Cam + L3gCsm + L39Com)r*n ™1 4 LagComr ™1 + %) cos(f,0). (33e)

It is easy to show that for 0 < 8, < 1, the moment and shear force resultants are singular in the vicinity of the vertex of the
sector plate (r — 0). It can be seen that the moment resultants (M,, M, and M) vary in the form of r—» at the vertex of the
sector plate. Also, the force resultants (Q, and Q,) vary in the form of -1 for 0 < g,, < 1 in the near of r = 0. It was seen
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before, for ,, > 1, the three coefficients vanish (Cyy = Csy = Csm = 0). By performing the procedure as previous case, the

moment and shear force resultants for 8, > 1 in the near of vertex of sector plate are

L]op r2 .
(LsCym + LsCam + Ly Cop ) 1Pn=2 4 LoCyprPm + ———"CM | sin(f,,0),
< 5%1m 6%-4m 7 Sm) 9%-4m (ﬁi —4)(ﬁi — 16) (ﬁm )

Lzopmrz .
(L15Cim + L16Cam + L17Csm)rPn 2 + L1gCamPm +———""—— | sin(B,,0),
( (Bm — 4) (B, — 16)

B Lyop,, 12
(LysCim + LogCam + Loz Csm)rPn 2 4 LygCaprPn +——2m_ ) cos(B,,0).
( 25%-1m 26%-4m 27 Sm) 29%-4m (ﬁfn*‘l')(ﬁfn*lG) (ﬁm )
r .
Qs = ((LiaCn + LiaCamr=* + P2 sin(p),
Tr
Q= ((L37C4m 4 LygCap)rin ! +L> cos(f,,0).
(B —4)

(34a)
(34b)

(34c¢)
(34d)

(34e)

Considering Egs. (34), it can be easily shown that the moment resultants are singular in the interval 1 < §,, < 2 at the vertex,
but they are finite for §,, > 2 as r approaches zero. Since the shear force resultants vary in the form of =1, they are not

singular for g,, > 1.

Similarly, applying the same procedure for the solution of B,, = 2,4, it is easy to show that the moment and shear force

resultants are finite at the vertex of sector plate.

5. DQ analog

Since no studies have been found for FG sector plates, in order to verify our results, it is also attempted to solve our prob-
lem using differential quadrature method (DQM). To this end, the sector plate is discretized into some grid points n, and n, in
the r and 6 directions, respectively. Based on the DQM rules, given in Appendix B, the governing equations (2) can be discret-

ized in the following form:

(ZAm Upj +— ZAm /Ay 1 Z 'in yl“ + ZAm Jjm y”’“)
i i 1 m=1

i i 1 In: Ti 1=

+Ass <r2 Z T Z ZAm ) Unm _rl 1A<;>um>
m=

i n=1 Ti n=1 _12

Ve, 1

ZAg)‘//rnj ZAm ‘//rnj U - 7 Z l//()n Ti Z ZAm Jjm l//()nm>
l =1 n=1 m=1

(n] i
<-l ny

ny
(2) E : 2 : § 'l'm
T_-Z Ajn l//rin - Am im l//I)nm - T2 ! )

+ By

+ 333

i n=1 'nlm

1n1

1% ,m S @ 1¢ 0 vjj
<r_2 Ay Uin = Z ZAm ot ZAm vt D At~
n=1 n=1

i n=1 n=1 m= i

n m
o Z A; ]m lpmm rz Z l/’rm rz Z ‘p()in>

(r‘nl =1 i n=1 i n=1

1 nr Ny
A] (rx A, ]m unm += 2 Z um 7 21:
n= Ii

—

+ B11

ny nr Ny

ny
T 11/ .
T'7 A](';:)l//rin - Z ZAm Jjm lprnm + ZAm l//()n] ZAE;)l//()nj - % = 07

—_

+ B33

1 n=1 n=1 m=1 n=1 i
"~ 42) 1Q~ 0 u;
Yij
Bro | DAt D At 5 Z o Vin + IZZAm i Vi
n=1 =1 1 1 n=1 n=1 m=1
R S T 5 9) o/ T D oL )

inl n=1 m=1 lnl

+Dn ( - l//rnj ZAI(T:IL) m _2 - T2 Z l//0in Z ZAm jm l//(lnm>
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(35a)

(35b)

(35¢)
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nr
Bn(rlz Ay ,munm+zz "Uin + 22 vm>
1

n=1 m=1 l n=1

1 ny m
By | 5 DAt — Z ZA,H )t + ZAm Unj+— ZAm Unj —

i n=1 n=1 m=

1 nr My ny
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—_ I< A33 <l//91] i W,‘n> = 0, (35d)

ny 1 ny 1 ny lﬁ .. 1 g
KAz (ZAE?wnf oD AWyt Z Wi+ A g+ > A i | = Py (35¢)
n=1 b n=1 i = ! L n=1

The boundary conditions can be also discretized at the circular and straight edges of the sector plate in a similar
manner.
Egs. (35) can be shown in the matrix form as

[A){Fs} + [A]{Fi} = {P}, (36)

where {Fz} and {F;} are the boundary and domain degrees of freedom vectors, respectively, these vectors can be written
as:

{ur} {us}
{ui} {vs}

{Fiy = ¢ {m} o, {Fs} =4 {ws} ;, (37)
{er} {er}
{Wor} {Wop}

where

{Uz}:[uzz Uy ... u(Nr—l)(N,,—l)]; {ug} =[un w2 ... unn,],

{1/1}=[1122 Uz ... U(Nr—l)(N,,—l)L {vg} =[vi1 12 ... Unn,],

{Wz}:[sz Was ... W(Nr—l)(No—l)L {wg} =[win wip ... Wnw,], (38)

Wt =Wz ¥z - Yooy s Wit = V1 Yz - Yo, )
{l//gl}Z[l//ozz Vs - ‘//()(Nr—l)(N”—l)L {!PHB}:[WH Vo2 - l/’eNrN,,]-

Also the discretized boundary conditions can be formed as the following matrix equation as
[As]{F3} + [A4){Fi} = 0. (39)

Obtaining the boundary degrees of freedom vector from Eq. (39) and substituting the result into Eq. (36), yields
{Fi} = (1A2] - [AIAs] ' [Aa]) " {P}. (40)

It is clear that the plate responses can be obtained by solving Eq. (40). It is noticeable that to obtain the results for sector plate
in DQM, the annular sector plate with inner to outer radius of 1077 (rija= 10’7) is solved.

6. Numerical results

To present the numerical results, SUS304 and Si3N4 are used as the metal and ceramic in FG plate, respectively. The Pois-
son’s ratio of 0.3 has been used. The quantity of the applied uniform load is supposed to be Py = 1 and the shear correction
factor is assumed to be K? = 5/6. Also, T = 300 K is used as the temperature value.

Also, for numerical results in figures, the geometric properties of the sector plate such as thickness-radius ratio, and sector
angle are assumed to be 0.2 and %, respectively (the unit of the length is meter).

In order to verify the accuracy of the present results, the deflection of the FG sector plate is also obtained using differential
quadrature method (DQM). The convergent study of maximum deflection of a FG plate with two simply supported radial
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edges and free circular edge is shown in Table 2 for various powers of the functionally graded material. The sector angle is
60° and the number of node in 0 direction is considered n, = 25 and the number of node in r direction (n,) varies from 13 to
20 nodes. The results indicate the convergence of the solution.

Tables 3-5 show the transverse deflection of a sector plate with clamped, simply supported and free circular edge, respec-
tively, which is obtained from the mentioned exact method in comparison with the DQM results. The non-dimensional
transverse displacement (W = %w is considered at the middle line of the sector plate (0 = «/2) and r = 0.25,0.5 and
0.75. From these tables, it can be found that the present formulations are accurate.

Table 2
The convergence of the maximum transverse displacement of the sector plate on the free edge (o = 60°, h/a = 0.2, n, = 25).
n n, Exact
13 14 15 16 17 18 19 20
0 102.0422 102.0447 102.0454 102.0456 102.0457 102.0457 102.0457 102.0457 102.0458
0.5 104.3205 104.3232 104.3240 104.3242 104.3243 104.3243 104.3243 104.3243 104.3243
1 103.5050 103.5077 103.5085 103.5087 103.5087 103.5087 103.5087 103.5087 103.5088
2 100.8557 100.8580 100.8587 100.8589 100.8589 100.8589 100.8589 100.8589 100.8590
Table 3
A comparison study of the transverse displacement for a FG sector plate with clamped circular edge.
o n Method h/a=0.1 h/a=02
0.25 0.5 0.75 0.25 0.5 0.75
30 1 Exact 1.6586 11.7274 20.4431 0.2586 1.3549 2.2940
DQM 1.6586 11.7274 20.4431 0.2586 1.3255 2.2940
2 Exact 1.6352 11.4872 20.0273 0.2572 1.3102 2.2665
DQM 1.6352 11.4872 20.0272 0.2572 1.3102 2.2665
60 1 Exact 23.6755 80.7456 71.3552 2.2593 7.2164 7.0044
DQM 23.6755 80.7455 71.3550 2.2593 7.2164 7.0044
2 Exact 23.1271 78.8054 69.7427 2.2247 7.0932 6.8998
DQM 23.1271 78.8053 69.7425 2.2247 7.0931 6.8998
Table 4
A comparison study of the transverse displacement for a FG sector plate with simply supported circular edge.
o n Method h/a=0.1 h/a=0.2
0.25 0.5 0.75 0.25 0.5 0.75
30 1 Exact 1.6728 12.4518 25.2544 0.2593 1.3599 2.5226
DQM 1.6728 12.4518 25.2544 0.2593 1.3599 2.5226
2 Exact 1.6489 12.1885 24.6851 0.2578 1.3434 2.4870
DQM 1.6489 12.1885 24.6850 0.2578 1.3434 2.4870
60 1 Exact 27.8932 107.7284 124.2744 2.4924 8.7077 9.9316
DQM 27.8934 107.7285 124.2741 2.4924 8.7077 9.9315
2 Exact 27.2202 104.9914 121.0999 2.4503 8.5367 9.7332
DQM 27.2204 104.9914 121.0997 2.4503 8.5366 9.7331
Table 5
A comparison study of the transverse displacement for a FG sector plate with free circular edge.
o n Method h/a=0.1 h/a=0.2
0.25 0.5 0.75 1 0.25 0.5 0.75 1
30 1 Exact 1.7179 15.1295 51.7162 116.1560 0.2625 1.5528 4.4959 9.2223
DQM 1.7179 15.1296 51.7162 116.1559 0.2625 1.5528 4.4959 9.2223
2 Exact 1.6929 14.7946 50.4510 113.2058 0.2609 1.5319 4.4166 9.0327
DQM 1.6929 14.7946 50.4510 113.2057 0.2609 1.5319 4.4166 9.0327
60 1 Exact 57.7407 337.2656 84.2907 1533.2566 4.4521 23.8551 58.0112 103.5088
DQM 57.7412 337.2663 846.2911 1533.2562 4.4522 23.8551 58.0112 103.5087
2 Exact 56.2421 328.1938 823.2758 1491.4075 4.3583 23.2864 56.5633 100.8590

DQM 56.2425 328.1945 823.2762 1491.4072 4.3584 23.2864 56.5633 100.8589
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In order to study the effects of boundary layer function, this function is depicted for different powers of FGM in Figs. 2 and
3 for the FG sector plate with clamped and free circular edge, respectively. It should be noticed that @ is the boundary layer
function multiply by 10'?(® = ¢, = 10'%). It can be seen that this function has significant effect on the edges of the plate
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Fig. 2. The variation of the boundary layer function along the radial direction of FG sector plate with clamped circular edge.
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Fig. 3. The variation of the boundary layer function along the radial direction of FG sector plate with free circular edge.
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0.1

0

Fig. 5. Non-dimensional shear stress of the FG sector plate vs. radius.

hence it can be called the boundary layer function. Also, it can be concluded that with increasing the power of FGM, the
width of this function increases. The boundary layer functions of clamped and free sector plate are shown in Fig. 4. It can
be found that the effect of this function on free edge is more than that of clamped edge.

The variation of the out of plane shear stress o,, has been depicted across the radial edges in Fig. 5 for various powers of
FGM. The FG sector plate has free boundary condition at the circular edge.
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7. Conclusion

In the present work, the singularity and boundary layer effect in the functionally graded sector plate have been studied.
The governing equilibrium equations of FG sector plate have been obtained based on the first-order shear deformation plate
theory. These highly coupled partial differential equations have been decoupled and solved using an analytical method. It is
seen that there are singularities for moments and shear forces at the vertex of the FG sector plate. Also, it has been shown
that the effects of boundary layer function of the FG plate are similar to isotropic one. Since the effect of boundary layer func-
tion for FG plate is similar to isotropic and composite plates, this function seems to be material independent. Finally, in order
to verify the accuracy of the result, the governing equations of FG sector plate have been also solved using differential quad-
rature method.

Appendix A

The coefficients of the moment resultant are given as follows:

BB 3B3,Bn 2B3, 2Bi:Bii BixBiifL  BioBiif
L =—| -1 4+ 2Dy, — Dipfy, — D1pff, + 2Dy +—1102m =211 m 4 m 3Dy +Dufl |,
1 < A11 12 — 12ﬁm 1Zﬁ 11 A u A]] A11 A]1 A]] 1lﬁm Hﬁm
(A1)
;) B} Bn  BY, BiBiifn
ﬁm —Di1fy +Di2fy + D1z — D1y + A +A—— A , (A2)
11 11 11

Ly = —(—DB%L 33 —4ADB2,B,, — 4D B13B11 2, + 4D B1yB11 3, — 4D11 DAy 2, + 4Dyy DAy B,y — 4D12 DA By

+4Dy, DA BE)/ (AnK? A), (A3)
L— 125 bn CT(B)* BB + 1)(=Br2B11 + B}y — Di1An1 + DipAn) (A4)
2 AuK?AT (B — 1) (B — 1)
B3 B Bi,B B,B
Ls = B | — 5= — D11Sm + D12fiy — Dz + D1 + i _Bra ”'Bm 22, (A5)
A” All A]] A]l

Le = (4DB3 B3, — ADB}, B,y — 4D B12Bi1 3 + 4D B13B11 iy, — 4D11 DAy B3, + 4D11 DAvi i, — 4D12 DA By

+4D1; DAn B}/ (Ank* A), (A.6)

L = CZ’/fm‘u/im(—BuBn i—B% — Dy1A11 + D12A1) 7 (A7)
f\nKZAI"(ﬁm -1)

1 Z_ﬁmﬂ/g'" Cn(f, —1)(—B12B1 +Bf1 — Dy1A11 + D12A1)

Lg = 5 — , (A.8)
AIIKZAF(ﬁm - 1)(/gm - 1)
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Lo = 11,D 2+ 12 H+ 12011Pm P12 11m73D m+D 2+ 11m72D _2D +1] m_p -

A, 18 A A A 1B 128m A, 11 et 12Bms
(A.9)
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Ly _4BoBu 12Bh  BuBufy 12Dn Dify  4Di A10)
DA DA DAH D D D
Appendix B

According to the DQ method rules, the partial derivative of a function with respect to a space variable is approximated by
a weighted linear combination of the function values at the grid points. The mth derivative of the function f(r, ) with respect
to r and 0, respectively, can be written as

A"f (11, 0;)
arrln ) ZAm (', 6))
(B.1)

af;er;,; Z F(ri,0,) fori=1,....n,j=1,....n
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where AI(,’Z;) are the weighting coefficients related to the mth order derivative. The off-diagonal and diagonal weighting ele-

ments related to the first-order derivative are defined as follows, respectively:
M(xp)
1 _ P =
Ay = % = x)M(xy) forp#gq, p,q=1,2,..., ny,
e (B.2)
1 _ 1
App - Zqu )
q=1
a#p
where x is the independent variable (r,0) and the partial derivative is defined with respect to it. M(x;) is given as:
TNx
M(xp) = [T (% — xo)- (B.3)
=1
ap
The following relationship is given for evaluating the weighting coefficients of higher-order derivatives:
1401 At
Al =m|AT VAL _x—pq—x forp#q, pq=1,2,...,n,,
p — Xq
(m) U 4 (m) (B.4)
Ap == ZAPQ :
q=1
q#p
In the present study the Gauss-Chebyshev-Lobatto is used to locate the grid points,
Ti :%(1 — cos (%)) fori=1,2,...,n,
" (B.5)

@:;(1 — cos (%)) forj=1,2,....n,.
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